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DEMBOWSKI-OSTROM POLYNOMIALS FROM REVERSED
DICKSON POLYNOMIALS
NERANGA FERNANDO, SARTAJ UL HASAN, AND MOHIT PAL
Abstract. We give a complete classification of Dembowski-Ostrom polynomials
from reversed Dickson polynomials of the (m+ 1)-th kind in odd characteristic.
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1. Introduction
Let p be an odd prime, e a positive integer, and q = pe. Let Fq be the finite field
with q elements. The k-th Dickson polynomial of the first kind Dk(x, a) is defined by
Dk(x, a) =
⌊k
2
⌋∑
i=0
k
k − i
(
k − i
i
)
(−a)ixk−2i,
where a ∈ Fq is a parameter.
These polynomials were first studied by L. E. Dickson for their permutation prop-
erties over Fq. The k-th Dickson polynomial of the second kind Ek(x, a) is defined
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by
Ek(x, a) =
⌊k
2
⌋∑
i=0
(
k − i
i
)
(−a)ixk−2i,
where a ∈ Fq is a parameter. The permutation behavior of the Dickson polynomials of
the second kind has also been extensively studied by many authors.
Dembowski-Ostrom (DO) polynomials over a finite field Fq are those of the form∑
i,j
aijx
pi+pj ,
where aij ∈ Fq. Dembowski-Ostrom polynomials are used for a cryptographic ap-
plication in the public key cryptosystem HFE ([7]). This class of polynomials were
introduced by Dembowski and Ostrom in [3] for constructions of planar functions in
odd characteristic. A polynomial g ∈ Fq[x] is called a planar polynomial if g(x+a)−g(x)
is a permutation polynomial for every a ∈ F∗q. A polynomial f ∈ Fq[x] is called a per-
mutation polynomial (PP) over Fq if the associated mapping x 7→ f(x) is a bijection
from Fq to Fq. Permutation polynomials over finite fields have important applications
in coding theory, cryptography, finite geometry, combinatorics and computer science,
among other fields. Dickson polynomials have played a pivotal role in the study of
permutation polynomials over finite fields. Clearly, a polynomial cannot be planar in
even characteristic. DO polynomials from Dickson polynomials of the first kind and
second kind were completely classified by Coulter and Matthews in [2].
The k-th reversed Dickson polynomial of the first kind Dk(a, x) was first introduced
by Hou, Mullen, Sellers and Yucas in [6] by reversing the roles of the variable and the
parameter in the k-th Dickson polynomial of the first kind Dk(x, a). The k-th reversed
Dickson polynomial of the first kind Dk(a, x) and the k-th reversed Dickson polynomial
of the second kind Ek(a, x) are defined by
Dk(a, x) =
⌊k
2
⌋∑
i=0
k
k − i
(
k − i
i
)
(−x)iak−2i,
and
Ek(a, x) =
⌊k
2
⌋∑
i=0
(
k − i
i
)
(−x)iak−2i,
respectively, where a ∈ Fq is a parameter. In a recent paper, X. Zhang, B. Wu and
Z. Liu studied DO polynomials from reversed Dickson polynomials in characteristic 2;
see [9].
In 2012, Wang and Yucas introduced the k-th reversed Dickson polynomial (RDP)
of the (m+ 1)-th kind [8]. Let m be an integer such that 0 ≤ m ≤ p− 1. For a ∈ Fq,
the k-th reversed Dickson polynomial of the (m+ 1)-th kind Dk,m(a, x) is defined by
(1.1) Dk,m(a, x) =
⌊k
2
⌋∑
i=0
k −mi
k − i
(
k − i
i
)
(−x)iak−2i,
and D0,m(a, x) = 2−m.
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It follows from the definitions that
(1.2) Dk,m(a, x) = mEk(a, x)− (m− 1)Dk(a, x).
In this paper, we completely explain Dembowski-Ostrom polynomials arising from
reversed Dickson polynomials of (m+ 1)-th kind in odd characteristic. It follows from
the definition of k-th reversed Dickson polynomial of (m+ 1)-th kind that
Dk,m(a, x) = a
kDk,m
(
1,
x
a2
)
,
which implies Dk,m(a, x) is a DO polynomial if and only if Dk,m(1, x) is a DO poly-
nomial. Since Dk,m(1, 0) = 1 and DO polynomials do not have any constant term, we
consider the polynomial Dk,m(1, x)−Dk,m(1, 0).
Throughout the paper, we denote Dk,0(a, x) by Dk(a, x), Dk,1(a, x) by Ek(a, x),
Dk,2(a, x) by Fk(a, x), Dk,3(a, x) by Gk(a, x), Dk,4(a, x) by Hk(a, x), Dk,5(a, x) by
Ik(a, x) and Dk,6(a, x) by Jk(a, x).
Recall that p is the characteristic of the finite field Fq. We adhere to the following
strategy:
(1) We explain DO polynomials arising from reversed Dickson polynomials of the
first, second and third kinds completely when p ≥ 3 in Sections 2, 3 and 4,
respectively.
(2) We explain DO polynomials arising from reversed Dickson polynomials of the
fourth kind completely when p ≥ 5 in Section 5.
(3) We explain DO polynomials arising from reversed Dickson polynomials of the
fifth kind completely when p ≥ 5 in Section 6.
(4) We explain DO polynomials arising from reversed Dickson polynomials of the
sixth kind completely when p ≥ 7 in Section 7.
(5) We explain DO polynomials arising from reversed Dickson polynomials of the
seventh kind completely when p ≥ 7 in Section 8.
(6) We explain DO polynomials arising from reversed Dickson polynomials of the
(m + 1)-th kind completely when m 6≡ 0, 1, 2, 3, 4, 5, 6 (mod p) with p > 7 in
Section 9.
In Section 10, we present a summary of all the conditions on p, m, k and d for
which reversed Dickson polynomial is a DO polynomial. We also present monomials,
binomials, trinomials, and quadrinomials when reversed Dickson polynomials are DO
polynomials. We end the paper presenting an open problem on Dickson polynomials.
Throughout the paper, we always assume that p is an odd prime, d is a positive
integer, and i, j, k, l,m, t, α, β, γ are nonnegative integers unless specified otherwise.
2. DO polynomials from reversed Dickson polynomials of the first
kind
We first consider reversed Dickson polynomials of the first kind. Recall that
Dk(a, x) is DO if and only if Dk(1, x) is DO.
We denote Dk(1, x
d)−Dk(1, 0) by Dk. Then
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Dk =
⌊k
2
⌋∑
i=1
k
k − i
(
k − i
i
)
(−xd)i.
Since Dkp = D
p
k and Dk(x
pd) = Dk(x
d)p, we always assume in this section that
gcd(k, p) = 1 and gcd(d, p) = 1.
Theorem 2.1. Let q be a power of a prime p. The polynomial Dk is a Dembowski-
Ostrom polynomial over Fq if and only if one of the following holds:
(i) p = 3, d = pn(pα + 1), k = 2pℓ, where α, n, ℓ ≥ 0.
(ii) p = 3, d = 2pn, k = 4pℓ, 5pℓ, 7pℓ, where n, ℓ ≥ 0.
(iii) p > 3, d = pn(pα + 1), k = 2pℓ, 3pℓ, where ℓ, n, α ≥ 0.
Proof. We first consider the case where k is odd.
Case 1. k is odd.
Dk =
⌊ (k−1)
2
⌋∑
i=1
k
k − i
(
k − i
i
)
(−xd)i
Then
Dk =
− kxd +
k
2
(k − 3)x2d −
k
6
(k − 4)(k − 5) x3d + · · ·+ (−1)
k−3
2
(k − 1)k(k + 1)
24
x
d(k−3)
2
+ (−1)
k−1
2 k x
d(k−1)
2 .
(2.1)
Note that the coefficient of the second term k
2
(k − 3) is not always zero.
Subcase 1.1. Let’s assume that k
2
(k−3) is not divisible by p. If Dk is DO, 2d = p
α+pβ .
Since gcd(d, p) = 1, d = pi + 1. Then
2(pi + 1) = pα + pβ.
Since p is odd and p 6 | (pi + 1), one of α or β is zero, say β = 0. Then
2(pi + 1) = pα + 1
implies
pα − 2pi = 1,
which is true if and only if p = 3, α = 1 and i = 0, i.e. d = 2.
For the rest of the subsection we assume that p = 3 and we prove the following.
Dk is DO if and only if k = 5 · 3
l or k = 7 · 3l.
It is easy to see that when k = 5 and k = 7 we have
D5 = x
2 + 2x4
and
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D7 = 2x
2 + 2x4 + 2x6,
respectively. Clearly they are DO polynomials.
Now we claim that when p = 3, k > 7 odd and k is not a multiple of a power of 3,
Dk is never DO.
Since k > 7 is odd and gcd(k, 3) = 1, we have either k ≡ 2 (mod 3) or k ≡ 1
(mod 3).
Let k ≡ 2 (mod 3) and consider the term before the last term
(−1)
k−3
2
(k − 1)k(k + 1)
24
x
d(k−3)
2 .
Since (k − 1)k(k + 1) = 6ℓ for some integer ℓ, we have
(−1)
k−3
2
(k − 1)k(k + 1)
24
=
ℓ
4
≡ ℓ (mod 3).
If ℓ 6≡ 0 (mod 3), then we claim that d(k−3)
2
is not a sum of powers of 3. Since d = 2,
d(k−3)
2
= k−3. Assume to the contrary k−3 = 3i+3j which implies k−2 = 3i+3j+1.
Since k ≡ 2 (mod 3), k − 2 = 3i + 3j + 1 if and only if i = j = 0. i = j = 0 implies
k − 3 = 2 which is a contradiction because this is not the first term.
Now assume that ℓ ≡ 0 (mod 3). In this case we show that the fourth term always
exists. Note that the fourth term is x8 whose exponent is not a sum of powers of 3.
The coefficient of the fourth term is
k
k − 4
(
k − 4
4
)
=
k(k − 5)(k − 6)(k − 7)
24
.
Clearly 3 6 |k and 3 6 |(k − 6). Now we show that (k − 5)(k − 7) is a multiple of 24.
Recall that k > 7 is odd, k ≡ 2 (mod 3) and gcd(k, 3) = 1.
Let k = 2ℓ + 1, where ℓ is an integer. Then (k − 5)(k − 7) = 4(ℓ− 2)(ℓ− 3). Since
k ≡ 2 (mod 3), ℓ ≡ 2 (mod 3). Let ℓ = 2 + 3n for some integer n. Then this implies
(k − 5)(k − 7) = 12n(3n − 1). Notice that n and (3n − 1) have different parity. So
n(3n− 1) is even which says that (k − 5)(k − 7) is a multiple of 24.
Let
(2.2) (k − 5)(k − 7) = 24a,
where a is an integer. Then
k(k − 5)(k − 6)(k − 7)
24
= k(k − 6)a.
Clearly, 3 6 | k and 3 6 | (k−6). Now we show that 3 6 | a. Assume to the contrary 3 | a.
Then from (2.2) we have, (k − 5)(k − 7) = 72e for some integer e.
Since k ≡ 2 (mod 3), write k = 3ℓ1 − 1 for some integer ℓ1. Recall that in this case
the term before the last term is zero. So
(k − 1)k(k + 1)
24
=
(3ℓ2 − 2)(3ℓ2 − 1)(3ℓ2)
24
≡ ℓ2 ≡ 0 (mod 3).
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Let ℓ2 = 3n2 for some integer n2.
Then k = 3ℓ2 − 1 = 9n2 − 1 ≡ −1 (mod 9).
From (k − 5)(k − 7) = 72e and k ≡ −1 (mod 9) we have 2 ≡ 0 (mod 9), which is a
contradiction.
Now let k ≡ 1 (mod 3).
We first look at the fourth term. Note that the fourth term is x8 whose exponent is
not a sum of two powers of 3. The coefficient of the fourth term is
k
k − 4
(
k − 4
4
)
=
k(k − 5)(k − 6)(k − 7)
24
.
Clearly (k − 5)(k − 6)(k − 7) = 6ℓ for some integer ℓ.
k(k − 5)(k − 6)(k − 7)
24
=
kℓ
4
≡ kℓ (mod 3).
If ℓ 6≡ 0 (mod 3), then clearly Dk is not DO. Now we consider the case ℓ ≡ 0 (mod 3)
and claim that the 7th term is not zero. Note that the 7th term is x14 whose exponent
is not a sum of two powers of 3. The coefficient of the 7th term is
(2.3)
k
k − 7
(
k − 7
7
)
=
k(k − 8)(k − 9)(k − 10)(k − 11)(k − 12)(k − 13)
7!
.
we claim that 6 | (k − 13) and 3 | (k − 10).
By division algorithm we have k − 13 = 6q1 + r1, where 0 ≥ r1 ≥ 5. Since k ≡ 1
(mod 3), r1 ≡ 0 (mod 3) which implies r1 = 0 or 3.
If r1 = 3, then k − 13 = 3(2q1 + 1) which is a contradiction since the left hand side
is even and the right hand side is odd. So r1 = 0 which implies 6 divides (k − 13).
By division algorithm we have k − 10 = 6q2 + r2, where 0 ≥ r2 ≥ 2. Since k ≡ 1
(mod 3), r2 ≡ 0 (mod 3) which implies r2 = 0. So 3 divides (k − 10).
Now we claim that q1 and q2 are not divisible by 3.
Assume that q1 = 3n1 for some integer n1. Then k − 13 = 18n1 which implies
k = 13+18n1. Recall that the coefficient of the fourth term given by
k(k−5)(k−6)(k−7)
24
is
zero in this case. Consider (k − 5)(k − 6)(k − 7). Straightforward computation yields
that
(k − 5)(k − 6)(k − 7) = (18n1 + 8)(18n1 + 7)(18n1 + 6) = 6 × b,
where b is not divisble by 3, which is a contradiction.
Now assume that q2 = 3n2 for some integer n2. Then k − 10 = 9n2 which implies
k ≡ 1 (mod 9). Let k = 9n + 1 for some integer n ∈ Z. Then the coefficient of the
fourth term is
k(k − 5)(k − 6)(k − 7)
24
=
(9n+ 1)(9n− 4)(9n− 5)(9n− 6)
24
=
(9n+ 1)(9n− 4)(9n− 5)(3n− 2)
8
6≡ 0 (mod 3),
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which is a contradiction.
Now let’s go back to the coefficient of the 7th term. From (2.3) we have
k
k − 7
(
k − 7
7
)
=
k(k − 8)(k − 9)(k − 10)(k − 11)(k − 12)(k − 13)
7!
=
k(k − 8)(k − 9)(k − 11)(k − 12) q1q2
7 · 5 · 4 · 2 · 1
Clearly 3 6 | k, 3 6 | (k − 9) and 3 6 | (k − 12).
If 3 | (k−8), then k−8 = 3e1 for some integer e1. This implies 2 ≡ 0 (mod 3) which
is a contradiction.
If 3 | (k − 11), then k − 11 = 3e2 for some integer e2. This implies 2 ≡ 0 (mod 3)
which is a contradiction.
Therefore the coefficient of the 7th term is no zero.
Subcase 1.2. Now let’s consider the case where p > 3. Recall
Dk =
⌊k
2
⌋∑
i=1
k
k − i
(
k − i
i
)
(−xd)i.
We prove the following.
Dk is a DO if and only if k = 2 · p
ℓ or k = 3 · pℓ.
Since gcd(d, p) = 1, d = pi + 1.
When k = 2, we have D2 = −2x
d = (p− 2)xp
i+1, which is clearly DO.
When k = 3, we have D3 = −3x
d = (p− 2)xp
i+1, which is clearly DO.
Now we claim that when k 6= 2 · pℓ and k 6= 3 · pℓ, Dk is not DO. Recall that
gcd(k, p) = 1.
Let’s consider the second term k
2
(k−3). If this is not zero, from subcase 1.1 we have
p = 3, which is a contradiction. So, if the second term is not zero, the polynomial is
not DO.
If the second term is zero, i.e. k
2
(k − 3) ≡ 0 (mod p), then k ≡ 3 (mod p). In this
case, we show that the last term is not DO.
Notice that the last term is (−1)
k
2 ·2 ·x
dk
2 . The coefficient is clearly not zero. Assume
to the contrary
dk
2
= pi + pj .
Since gcd(k, p) = 1 and gcd(d, p) = 1, we have
dk
2
= pi + 1,
which implies
dk = 2(pi + 1).
Since k ≡ 3 (mod p), we have 3d ≡ 2 (mod p) or 3d ≡ 4 (mod p). Let d = pℓ + 1.
Thus 3(pj +1) ≡ 2 (mod p) or 3(pj +1) ≡ 4 (mod p), which is a contradiction for any
nonnegative j.
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Case 2. k is even. Then we have
Dk =
− kxd +
k
2
(k − 3)x2d −
k
6
(k − 4)(k − 5) x3d + · · ·+ (−1)
k
2
−1 k
2
4
xd(
k
2
−1) + (−1)
k
2 · 2 · x
dk
2 .
(2.4)
Subcase 2.1. Let’s first consider the case where the coefficient of the second term is not
zero, i.e. k 6≡ 3 (mod p). Since gcd(p, d) = 1, we have 2d = pi+1 for some nonnegative
integer i. Also, the first term is nonzero. So, d = pα + 1 for some nonnegative integer
α. Now 2d = pi + 1 implies pi − 2pα = 1.
pi − 2pα = 1 if and only if p = 3, i = 1, α = 0.
α = 0 implies d = 2. Therefore second term is nonzero means p = 3 and d = 2. Now
we show that Dk is DO if and only if k = 4 · 3
ℓ. Since the second term is zero, k > 2.
Let k = 4. Then D4 = 2x
2 + 2x4, which is clearly DO.
Let k > 4 be even and gcd(k, 3) = 1. Now we claim that Dk is not DO.
Consider the fourth term and its coefficient. Because, fourth term is x8, which is
clearly not DO. Coefficient of the fourth term is
k
k − 4
(
k − 4
4
)
=
k(k − 5)(k − 6)(k − 7)
24
.
Note that k 6= 6. Let (k − 5)(k − 6)(k − 7) = 6ℓ1 for some integer ℓ1. Then
k
k − 4
(
k − 4
4
)
≡ kℓ1 (mod 3).
If ℓ1 6≡ 0 (mod 3), then Dk is not DO.
Now assume that ℓ1 ≡ 0 (mod 3). Then we claim that the last term is not DO.
Consider the exponent of the last term which is dk
2
.
Recall that the second term is nonzero, i.e. k 6≡ 0 (mod 3), which implies 3 6 |k.
Since the coefficient of the last term is nonzero, gcd(3, d) = 1 and gcd(3, k) = 1, for
some integer ℓ2 we have
dk
2
= 3ℓ2 + 1.
Since d = 2, the above implies n = 3ℓ2 + 1.
Clearly ℓ2 6= 0. Because ℓ2 = 0 implies k = 2. A contradiction.
If ℓ2 > 0, then k ≡ 1 (mod 3). Now consider the term before the the last term:
(−1)
k
2
−1 k2
4
xd(
k
2
−1). Clearly, the coefficient is nonzero since gcd(k, 3) = 1. Consider its
exponent d(k
2
− 1) = 2(k
2
− 1) = k − 2.
Since Dk is DO, k − 2 = 3
α + 3β.
If α > 0, β = 0, then k = 3α + 3, which is a contradiction since gcd(k, 3) = 1.
If β = 0, then α = 0, i.e. k = 4. This contradicts the assumption that k > 4.
If α > 0, β > 0, then k ≡ 2 (mod 3) which contradicts the fact that k ≡ 1 (mod 3).
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Subcase 2.2. Now we consider the case where the coefficient of the second term is
zero, i.e. k ≡ 3 (mod p). We first show that if p > 3, then Dk is not DO. So the only
possible value for p is 3. But this is again a contradiction since gcd(k, p) = 1.
Assume that p > 3 and k ≡ 3 (mod p). Since the last term is nonzero, consider x
dk
2 .
Since gcd(k, p) = 1 and gcd(d, p) = 1, let dk
2
= pi + 1 and d = pj + 1 for some
nonnegative integers i and j. Then we have
(pj + 1)n = 2(pi + 1).
If j = 0, then k = pi + 1, which implies k ≡ 2 (mod p) or n ≡ 1 (mod p) depending
on whether i = 0 or i > 0, respectively. A contradiction.
If j > 0, we have pjk + k = 2pi + 2. If i > 0, then k ≡ 2 (mod p). A contradiction.
If i = 0, pjk + k = 4, which implies k ≡ 4 (mod p). A contradiction.
This completes the proof.

3. DO polynomials from reversed Dickson polynomials of the second
kind
In this section, we consider reversed Dickson polynomials of the second kind. Recall
that
Ek(a, x) is DO if and only if Ek(1, x) is DO.
We will consider Ek(1, x
d) − Ek(1, 0). Note that Ekp 6= E
p
k , but Ek(1, x
pd) =
Ek(1, x
d)p. So we always assume that gcd(d, p) = 1, but k and p are not necessar-
ily relatively prime.
We first present two lemmas that will be useful throughout the paper.
Lemma 3.1. Let d be a positive integer and p > 3 a prime such that gcd(p, d) = 1.
Assume that the coefficients of xd and x2d in the polynomial Dk,m(1, x
d) − Dk,m(1, 0)
are nonzero. Then the polynomial Dk,m(1, x
d)−Dk,m(1, 0) is not a DO polynomial.
Proof. Assume that p > 3 and the coefficients of xd and x2d in the polynomialDk,m(1, x
d)−
Dk,m(1, 0) are nonzero. If Dk,m(1, x
d)−Dk,m(1, 0) is a DO polynomial, then d = p
α+1
and 2d = pβ + 1. Thus we have 2pα + 1 = pβ which forces α = 0, β = 1 and p = 3,
which contradicts the fact that p > 3. Hence Dk,m(1, x
d) − Dk,m(1, 0) is not a DO
polynomial. 
Lemma 3.2. Let d be a positive integer and p > 5 a prime such that gcd(p, d) = 1.
Assume that the coefficients of xd and x3d in the polynomial Dk,m(1, x
d) − Dk,m(1, 0)
are nonzero. Then the polynomial Dk,m(1, x
d)−Dk,m(1, 0) is not a DO polynomial.
Proof. Assume that p > 5 and the coefficients of xd and x3d in the polynomialDk,m(1, x
d)−
Dk,m(1, 0) are nonzero. If Dk,m(1, x
d)−Dk,m(1, 0) is a DO polynomial, then d = p
α+1
and 3d = pβ + 1. Thus we have 3pα + 2 = pβ which forces α = 0, β = 1 and p = 5,
which contradicts the fact that p > 5. Hence Dk,m(1, x
d) − Dk,m(1, 0) is not a DO
polynomial. 
Theorem 3.3. Let q be a power of odd prime p. The polynomial Ek(1, x
d)− Ek(1, 0)
is a Dembowski-Ostrom polynomial over Fq if and only if one of the following holds.
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(1) k = 2, 3 and d = pn(pα + 1) for non negative integers α and n.
(2) k = 4, p = 3 and d = pn(pα + 1)/2 for non negative integers α and n.
(3) k = 5, 6, p = 3 and d = pn(pα + 1) for non negative integers α and n.
(4) k = 7 and either
(a) p = 3 and d = 2pn for non negative integer n, or
(b) p = 5 and d = 2pn for non negative integer n.
(5) k = 10, 13, 19, p = 3 and d = 2pn for non negative integer n.
(6) k = 15, p = 3 and d = 4pn for non negative integer n.
Proof. It is easy to check that each of the cases listed in the theorem correspond to the
DO polynomials in all cases. Therefore sufficient part is done. Now it only remains to
show that all the DO polynomials obtained from the reversed Dickson polynomial of
2nd kind will be in any one of the above mentioned class.
When k = 2, 3, the coefficient of xd is nonzero. Therefore this will be a DO polyno-
mial if d is of the form pα + 1.
When k = 4, we have two cases. If p = 3, then coefficient of x2d is nonzero. Therefore
this will be a DO polynomial if d is of the form (pα+1)/2. If p > 3, then the coefficients
of x2d and xd are nonzero. Thus, by Lemma 3.1, the polynomial is not DO.
When k = 5, we have two cases. If p = 3, then coefficient of xd is nonzero. Therefore
this will be a DO polynomial if d is of the form pα + 1. If p > 3, then the coefficients
of xd and x2d are nonzero. Hence, by Lemma 3.1, the polynomial is not DO.
When k = 6, we have two cases. If p = 3, then coefficients of xd and x3d are nonzero.
This will be a DO polynomial if d = 3α + 1 and 3d = 3t(3β + 1). Since 3t/3, t = 1.
Thus the second equation reduced to d = 3β +1. Thus this will be a DO polynomial if
d is of the form pα +1. If p ≥ 5 then coefficient of x2d and x3d is nonzero. This will be
a DO polynomial if 2d = pα + 1 and 3d = pβ +1. Solving this we get 3 · pα +1 = 2 · pβ
which forces α = 0, pβ = 2, which is a contradiction. Therefore we will not get any
DO polynomials in this case.
When k = 7, we have three cases. If p = 3, then coefficients of x2d and x3d are
nonzero. This will be a DO polynomial if 2d = 3α + 1 and 3d = 3t(3β + 1). Since
3t/3, t = 1. Thus the second equation reduces to d = 3β + 1. Solving this, we have
2.3β +1 = 3α which forces β = 0, α = 1 and d = 2. If p = 5 then coefficients of xd and
x3d are nonzero. This will be a DO polynomial if d = 5α+1 and 3d = 5β +1. Thus we
have 3 · 5α+2 = 5β which forces α = 0, β = 1 and d = 2. If p > 5, then the coefficients
of xd and x2d are nonzero. Thus, by Lemma 3.1, the polynomial is not DO.
When k ≥ 8, we consider two subcases.
Case 1. k ≥ 8 and p > 3.
Case 1.1 k 6≡ 1, 2, 3 (mod p).
In this case, the coefficients of xd and x2d are nonzero. Hence, the polynomial is not
DO by Lemma 3.1.
Case 1.2 k ≡ 1 (mod p).
Here k 6≡ 2, 3, 4, 5 (mod p). Thus the coefficients of x2d and x3d are nonzero. There-
fore 2d = pα + 1 and 3d = pβ + 1. Solving these two equations we get 3pα + 1 = 2pβ.
This forces α = 0, pβ = 2, which is a contradiction. Therefore we will not get any DO
polynomials in this case.
Case 1.3 k ≡ 2 (mod p).
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We consider two subcases of this case.
Subcase 1.3.1 p = 5.
Now we have two cases.
1.3.1.1 k ≡ 2, 12, 17, 22 (mod 25).
In this case, k 6≡ 1 (mod 5). Therefore the coefficient of xd is nonzero. Also,
since k 6≡ 7 (mod 25), the coefficient of the term x6d is nonzero. This will be a DO
polynomial if d = 5α + 1 and 6d = 5β + 1. From second equation we have β ≥ 1.
Solving these two equations we have 6 · 5α + 5 = 5β, which forces α = 1 and 5β = 35,
which is a contradiction. Therefore we will not get any DO polynomials in this case.
1.3.1.2 If k ≡ 7 (mod 25), then condition k ≥ 8 is equivalent to k ≥ 32.
Here k 6≡ 1 (mod 5). Therefore the coefficient of xd is nonzero. Also, since k 6≡ 12
(mod 25), therefore the coefficient of the term x8d is nonzero. This will be a DO
polynomial if d = 5α + 1 and 8d = 5β + 1. From second equation we have β ≥ 1.
Solving these two equations we have 8 · 5α + 7 = 5β, which forces α = 0 and 5β = 15,
which is a contradiction. Therefore we will not get any DO polynomials in this case.
Subcase 1.3.2 p > 5.
Here k 6≡ 1, 3, 4, 5. Therefore the coefficients of xd and x3d are nonzero. Hence, the
polynomial is not DO by Lemma 3.2.
Case 1.4 k ≡ 3 (mod p).
We consider two subcases of this case.
Subcase 1.4.1 p = 5.
In this case, k 6≡ 1, 4, 5, 6, 7. Therefore the coefficients of xd and x4d are nonzero.
This will be a DO polynomial if d = 5α+1 and 4d = 5β+1. Solving these two equations
we obtain 4·5α+3 = 5β, which forces α = 0, 5β = 7, which is a contradiction. Therefore
we will not get any DO polynomials in this case.
Subcase 1.4.2 p > 5.
In this case, k 6≡ 1, 4, 5, 6, 7, 8, 9. Therefore the coefficients of xd, x4d and x5d are
nonzero. This will be a DO polynomial if d = pα + 1, 4d = pβ + 1 and 5d = pγ + 1.
Solving first two equations we obtain 4pα + 3 = pβ, which forces α = 0, β = 1, p = 7
and d = 2. Now putting these values in third equation we have 7γ = 9, which is a
contradiction. Therefore we will not get any DO polynomials in this case.
Case 2 k ≥ 8 and p = 3.
Subcase 2.1 k ≡ 2, 8 (mod 9).
We have k ≡ 2 (mod 3), which implies that k 6≡ 1 (mod 3). Therefore the coefficient
of xd is nonzero. Also, (k− 4) ≡ 1 (mod 3), (k− 5) ≡ 0 (mod 3), (k− 6) ≡ 2 (mod 3)
and (k − 7) ≡ 1 (mod 3). Since k ≡ 2, 8 (mod 9), we have k 6≡ 5 (mod 9). Hence the
coefficient of x4d is nonzero. This will be a DO polynomial if d = 3α+1 and 4d = 3β+1.
Solving this we get 4 · 3α + 3 = 3β which forces α = 1, but then 3β = 15, which is a
contradiction. Therefore we will not get any DO polynomials in this case.
Subcase 2.2 k ≡ 0, 3 (mod 9).
Here k ≡ 0 (mod 3), which implies that k 6≡ 1 (mod 3). Therefore the coefficient of
xd is nonzero. Also, (k − 4) ≡ 2 (mod 3), (k − 5) ≡ 1 (mod 3), (k − 6) ≡ 0 (mod 3)
and (k − 7) ≡ 2 (mod 3). Since k ≡ 0, 3 (mod 9), we have k 6≡ 6 (mod 9). Hence the
coefficient of x4d is nonzero. This will be a DO polynomial if d = 3α+1 and 4d = 3β+1.
Solving this we get 4 · 3α + 3 = 3β which forces α = 1 but then 3β = 15, which is a
contradiction. Therefore we will not get any DO polynomials in this case.
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Subcase 2.3 k ≡ 1 (mod 9).
We have k ≡ 1 (mod 3). Therefore k 6≡ 0, 2 (mod 3) and hence the coefficient of
x2d is nonzero. Now we have two subcases.
2.3.1 k ≡ 1, 10 (mod 27).
We divide this case into two subcases.
2.3.1.1 k = 10.
In this case, the coefficients of x2d, x3d and x5d are nonzero. This will be a DO
polynomial if 2d = 3α + 1, 3d = 3t(3β + 1) and 5d = 3γ + 1. Since 3t/3, this forces
t = 1. Therefore second equation reduces to d = 3β +1. Solving first two equations we
have 2 · 3β + 1 = 3α, which forces β = 0, α = 1 and d = 2. Now putting these values
in third equation we have 3γ = 9. Thus γ = 2.
2.3.1.2 If k 6= 10, then condition k ≥ 8 is equivalent to k ≥ 28.
Here we have (k − 11) ≡ 2 (mod 3), (k − 12) ≡ 1 (mod 3), (k − 13) ≡ 0 (mod 3),
(k − 14) ≡ 2 (mod 3), (k − 15) ≡ 1 (mod 3), (k − 16) ≡ 0 (mod 3), (k − 17) ≡ 2
(mod 3), (k − 18) ≡ 1 (mod 3), (k − 19) ≡ 0 (mod 3), (k − 20) ≡ 2 (mod 3) and
(k − 21) ≡ 1 (mod 3). Since k ≡ 1 (mod 9), we have k 6≡ 13, 16 (mod 9). Also, since
k ≡ 1, 10 (mod 27), we have k 6≡ 19 (mod 27). Hence the coefficient of x11d is nonzero.
This will be a DO polynomial if 2d = 3α + 1 and 11d = 3β + 1. Solving this we have
11 · 3α + 9 = 2 · 3β, which forces α = 2, but then 3β = 54, which is a contradiction.
Therefore we will not get any DO polynomials in this case.
2.3.2 k ≡ 19 (mod 27).
We have two subcases.
2.3.2.1 k = 19.
In this case, the coefficients of x2d, x3d, x5d and x9d are nonzero. This will be a DO
polynomial if 2d = 3α +1, 3d = 3t(3β +1), 5d = 3γ +1 and 9d = 3l(3δ +1). Since 3t/3
and 3l/9 this forces t = 1 and l = 2. Therefore the second and fourth equation reduce
to d = 3β +1 and d = 3δ +1. Solving first and second equations we get 2 · 3β +1 = 3α,
which forces β = 0, α = 1 and d = 2. Now putting these values in third equation we
have 3γ = 9. Thus γ = 2.
2.3.2.2 If k 6= 19, then condition k ≥ 8 is equivalent to k ≥ 46
In this case, we have (k − 20) ≡ 2 (mod 3), (k − 21) ≡ 1 (mod 3), (k − 22) ≡
0 (mod 3), (k − 23) ≡ 2 (mod 3), (k − 24) ≡ 1 (mod 3), (k − 25) ≡ 0 (mod 3),
(k − 26) ≡ 2 (mod 3), (k − 27) ≡ 1 (mod 3), (k − 28) ≡ 0 (mod 3), (k − 29) ≡
2 (mod 3), (k − 30) ≡ 1 (mod 3), (k − 31) ≡ 0 (mod 3), (k − 32) ≡ 2 (mod 3),
(k − 33) ≡ 1 (mod 3), (k − 34) ≡ 0 (mod 3), (k − 35) ≡ 2 (mod 3), (k − 36) ≡ 1
(mod 3), (k−37) ≡ 0 (mod 3), (k−38) ≡ 2 (mod 3) and (k−39) ≡ 1 (mod 3). Since
k ≡ 1 (mod 9), we have k 6≡ 22, 25, 31, 34 (mod 9). Also, since k ≡ 19 (mod 27),
k 6≡ 28, 37 (mod 27). Hence the coefficient of x20d is nonzero. This will be a DO
polynomial if 2d = 3α + 1 and 20d = 3β + 1. Solving this we have 10 · 3α + 9 = 3β,
which forces α = 2, but then 3β = 99, which is a contradiction. Therefore we will not
get any DO polynomials in this case.
Subcase 2.4 k ≡ 4 (mod 9).
Here k ≡ 1 (mod 3). Therefore k 6≡ 0, 2 and hence the coefficient of x2d is nonzero.
Now we have two subcases.
2.4.1 If k ≡ 4, 22 (mod 27), then k ≥ 8 is equivalent to k ≥ 22,
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In this case, we have (k − 11) ≡ 2 (mod 3), (k − 12) ≡ 1 (mod 3), (k − 13) ≡ 0
(mod 3), (k−14) ≡ 2 (mod 3), (k−15) ≡ 1 (mod 3), (k−16) ≡ 0 (mod 3), (k−17) ≡
2 (mod 3), (k − 18) ≡ 1 (mod 3), (k − 19) ≡ 0 (mod 3), (k − 20) ≡ 2 (mod 3) and
(k − 21) ≡ 1 (mod 3). Since k ≡ 4 (mod 9), we have k 6≡ 16, 19 (mod 9). Also, since
k ≡ 4, 22 (mod 27), we have k 6≡ 13 (mod 27). Hence the coefficient of x11d is nonzero.
This will be a DO polynomial if 2d = 3α + 1 and 11d = 3β + 1. Solving this we get
11 · 3α + 9 = 2 · 3β, which forces α = 2 but then 3β = 54, which is a contradiction.
Therefore we will not get any DO polynomials in this case.
2.4.2 k ≡ 13 (mod 27).
We have two subcases.
2.4.2.1 k = 13.
In this case, the coefficients of x2d, x5d and x6d are nonzero. This will be a DO
polynomial if 2d = 3α + 1, 5d = 3β + 1 and 6d = 3t(3γ + 1). Since 3t/6, this forces
t = 1. Therefore third equation reduces to 2d = 3γ + 1. Solving first two equation we
have 5 · 3α + 3 = 2 · 3β, which forces α = 1, β = 2 and d = 2.
2.4.2.2 If k 6= 13, then condition k ≥ 8 is equivalent to k ≥ 40.
In this case, (k − 20) ≡ 2 (mod 3), (k − 21) ≡ 1 (mod 3), (k − 22) ≡ 0 (mod 3),
(k − 23) ≡ 2 (mod 3), (k − 24) ≡ 1 (mod 3), (k − 25) ≡ 0 (mod 3), (k − 26) ≡ 2
(mod 3), (k−27) ≡ 1 (mod 3), (k−28) ≡ 0 (mod 3), (k−29) ≡ 2 (mod 3), (k−30) ≡
1 (mod 3), (k − 31) ≡ 0 (mod 3), (k − 32) ≡ 2 (mod 3), (k − 33) ≡ 1 (mod 3),
(k − 34) ≡ 0 (mod 3), (k − 35) ≡ 2 (mod 3), (k − 36) ≡ 1 (mod 3), (k − 37) ≡ 0
(mod 3), (k − 38) ≡ 2 (mod 3) and (k − 39) ≡ 1 (mod 3). Since k ≡ 4 (mod 9), we
have k 6≡ 25, 28, 34, 37 (mod 9). Also, since k ≡ 13 (mod 27), we have k 6≡ 22, 31
(mod 27). Hence the coefficient of x20d is nonzero. This will be a DO polynomial if
2d = 3α + 1 and 20d = 3β + 1. Solving this we get 10 · 3α + 9 = 3β, which forces
α = 2, but then 3β = 99, which is a contradiction. Therefore we will not get any DO
polynomials in this case.
2.5 k ≡ 5 (mod 9).
In this case, k ≡ 2 (mod 3). Therefore k 6≡ 1 and hence the coefficient of xd is
nonzero. Now we have two subcases.
2.5.1 If k ≡ 5, 23 (mod 27), then k ≥ 9 is equivalent to k ≥ 23.
In this case, we have (k − 10) ≡ 1 (mod 3), (k − 11) ≡ 0 (mod 3), (k − 12) ≡
2 (mod 3), (k − 13) ≡ 1 (mod 3), (k − 14) ≡ 0 (mod 3), (k − 15) ≡ 2 (mod 3),
(k − 16) ≡ 1 (mod 3), (k − 17) ≡ 0 (mod 3), (k − 18) ≡ 2 (mod 3), and (k − 19) ≡ 1
(mod 3). Since k ≡ 5 (mod 9), we have k 6≡ 11, 17 (mod 9). Also, since k ≡ 5, 23
(mod 27), k 6≡ 14 (mod 27). Hence the coefficient of x10d is nonzero. This will be a
DO polynomial if d = 3α + 1 and 10d = 3β + 1. Solving this we get 10 · 3α + 9 = 3β,
which forces α = 2, but then 3β = 99, which is a contradiction. Therefore we will not
get any DO polynomials in this case.
2.5.2 k ≡ 14 (mod 27).
We consider two subcases.
2.5.2.1 k = 14.
Here the coefficients of xd, x6d and x7d are nonzero. This will be a DO polynomial
if d = 3α + 1, 6d = 3t(3β + 1) and 7d = 3γ + 1. Since 3t/6 this forces t = 1.
Therefore second equation reduces to 2d = 3β +1. Solving first two equations we have
2 · 3α+1 = 3β, which forces α = 0, β = 1 and d = 2. Now putting these values in third
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equation we have 3γ = 13, which is a contradiction therefore we will not get any DO
polynomial in this case.
2.5.2.2 k ≥ 41.
In this case, we have (k − 16) ≡ 1 (mod 3), (k − 17) ≡ 0 (mod 3), (k − 18) ≡ 2
(mod 3), (k−19) ≡ 1 (mod 3), (k−20) ≡ 0 (mod 3), (k−21) ≡ 2 (mod 3), (k−22) ≡
1 (mod 3), (k − 23) ≡ 0 (mod 3), (k − 24) ≡ 2 (mod 3), (k − 25) ≡ 1 (mod 3),
(k − 26) ≡ 0 (mod 3), (k − 27) ≡ 2 (mod 3), (k − 28) ≡ 1 (mod 3), (k − 29) ≡ 0
(mod 3), (k − 30) ≡ 2 (mod 3) and (k − 31) ≡ 1 (mod 3). Since k ≡ 5 (mod 9),
we have k 6≡ 17, 20, 26, 29 (mod 9). Also, since k ≡ 14 (mod 27), we have k 6≡ 23
(mod 27). Hence the coefficient of x16d is nonzero. This will be a DO polynomial if
d = 3α + 1 and 16d = 3β + 1. Solving this we get 16 · 3α + 15 = 3β, which forces
α = 1, but then 3β = 63, which is a contradiction. Therefore we will not get any DO
polynomials in this case.
2.6 k ≡ 6 (mod 9).
We have k ≡ 0 (mod 3). Therefore k 6≡ 1 and hence the coefficient of xd is nonzero.
Now we have two subcases.
2.6.1 If k ≡ 6, 24 (mod 27) then k ≥ 9 is equivalent to k ≥ 24.
In this case, (k − 10) ≡ 2 (mod 3), (k − 11) ≡ 1 (mod 3), (k − 12) ≡ 0 (mod 3),
(k − 13) ≡ 2 (mod 3), (k − 14) ≡ 1 (mod 3), (k − 15) ≡ 0 (mod 3), (k − 16) ≡ 2
(mod 3), (k−17) ≡ 1 (mod 3), (k−18) ≡ 0 (mod 3), and (k−19) ≡ 2 (mod 3). Since
k ≡ 6 (mod 9), we have k 6≡ 12, 18 (mod 9). Also, since k ≡ 6, 24 (mod 27), k 6≡ 15
(mod 27). Hence the coefficient of x10d is nonzero. This will be a DO polynomial if
d = 3α+1 and 10d = 3β+1. Solving this we get 10 ·3α+9 = 3β, which forces α = 2 but
then 3β = 99, which is a contradiction. Therefore we will not get any DO polynomials
in this case.
2.6.2 k ≡ 15 (mod 27).
Here we have two cases.
2.6.2.1 k = 15.
In this case, the coefficients of xd, x3d and x7d are nonzero. This will be a DO
polynomial if d = 3α + 1, 3d = 3m(3β + 1) and 7d = 3γ + 1. Since 3m/3, this forces
m = 1. Therefore second equation reduces to d = 3β + 1. Solving first and third
equation we get 7 · 3α + 6 = 3γ, which forces α = 1, γ = 3 and d = 4.
2.6.2.2 k ≥ 42.
Here we have (k − 16) ≡ 2 (mod 3), (k − 17) ≡ 1 (mod 3), (k − 18) ≡ 0 (mod 3),
(k − 19) ≡ 2 (mod 3), (k − 20) ≡ 1 (mod 3), (k − 21) ≡ 0 (mod 3), (k − 22) ≡
2 (mod 3), (k − 23) ≡ 1 (mod 3), (k − 24) ≡ 0 (mod 3), (k − 25) ≡ 2 (mod 3),
(k − 26) ≡ 1 (mod 3), (k − 27) ≡ 0 (mod 3), (k − 28) ≡ 2 (mod 3), (k − 29) ≡ 1
(mod 3), (k − 30) ≡ 0 (mod 3) and (k − 31) ≡ 2 (mod 3). Since k ≡ 6 (mod 9),
we have k 6≡ 18, 21, 27, 30 (mod 9). Also, since k ≡ 15 (mod 27), we have k 6≡ 24
(mod 27). Hence the coefficient of x16d is nonzero. This will be a DO polynomial if
d = 3α + 1 and 16d = 3β + 1. Thus we have 16 · 3α + 15 = 3β, which forces α = 1, but
then 3β = 63, which is a contradiction. Therefore we will not get any DO polynomials
in this case.
2.7 k ≡ 7 (mod 9).
We have k ≡ 1 (mod 3). Therefore k 6≡ 0 or 2 (mod 3). Hence the coefficient of
x2d is nonzero. If k ≡ 7 (mod 9), then (k − 8) ≡ 2 (mod 3), (k − 9) ≡ 1 (mod 3),
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(k − 10) ≡ 0 (mod 3), (k − 11) ≡ 2 (mod 3), (k − 12) ≡ 1 (mod 3), (k − 13) ≡ 0
(mod 3), (k − 14) ≡ 2 (mod 3) and (k − 15) ≡ 1 (mod 3). Since k ≡ 7 (mod 9),
k 6≡ 10, 13 (mod 9). Hence the coefficients of x2d and x8d are nonzero. This will be a
DO polynomial if 2d = 3α + 1 and 8d = 3β + 1. Thus we have 4 · 3α + 3 = 3β, which
forces α = 1, but then 3β = 15, which is a contradiction. Therefore we will not get any
DO polynomials in this case.

4. DO polynomials from reversed Dickson polynomials of the third
kind
In this section, we give a complete classification of Dembowski-Ostrom Polynomials
from Dickson Polynomials of third kind Fk(1, x
d). It follows from [8, Theorem 3.1] that
Fk(a, x) = aEk−1(a, x).
Since we have already explained DO polynomials from reversed Dickson polynomials of
the second kind in Section 3, the results in this section can be derived from the results
in Section 3. But, we present all cases with proofs in this section for completeness.
Note that Fkp 6= F
p
k , but Fk(1, x
pd) = Fk(1, x
d)p. So we always assume that
gcd(d, p) = 1, but k and p are not necessarily relatively prime.
Theorem 4.1. Let q be a power of odd prime p. The polynomial Fk(1, x
d) − Fk(1, 0)
is a Dembowski-Ostrom polynomial over Fq if and only if one of the following holds.
(1) k = 3, 4 and d = pn(pα + 1) for non negative integers α and n.
(2) k = 5, p = 3 and d = pn(pα + 1)/2 for non negative integers α and n.
(3) k = 6, 7, p = 3 and d = pn(pα + 1) for non negative integers α and n.
(4) k = 8 and either
(a) p = 3 and d = 2pn for non negative integer n, or
(b) p = 5 and d = 2pn for non negative integer n.
(5) k = 11, 14, 20, p = 3 and d = 2pn for non negative integer n.
(6) k = 16, p = 3 and d = 4pn for non negative integer n.
Proof. It is easy to check that each of the cases listed in the theorem correspond to the
DO polynomials in all cases. Therefore sufficient part is done. Now it only remains to
show that all the DO polynomials obtained from the reversed Dickson polynomial of
third kind will be in any one of the above mentioned class.
When k = 3, 4 the coefficient of xd is nonzero. Therefore this will be a DO polynomial
if d is of the form pα + 1.
When k = 5, we have two cases. If p = 3, then coefficient of x2d is nonzero. Therefore
this will be a DO polynomial if d is of the form (pα + 1)/2. If p > 3, then coefficients
of x2d and xd are nonzero. Thus, by Lemma 3.1, the polynomial is not DO.
When k = 6, we have two cases. If p = 3, then coefficient of xd is nonzero. Therefore
this will be a DO polynomial if d is of the form pα +1. If p > 3, then coefficients of xd
and x2d are nonzero. Hence, the polynomial is not DO by Lemma 3.1.
When k = 7, we have two cases. If p = 3, then coefficients of xd and x3d are nonzero.
This will be a DO polynomial if d = 3α + 1 and 3d = 3t(3β + 1). Since 3t/3, we
have t = 1. Thus the second equation reduces to d = 3β + 1. Thus this will be a
DO polynomial if d is of the form pα + 1. If p ≥ 5, then coefficient of x2d and x3d is
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nonzero. This will be a DO polynomial if 2d = pα + 1 and 3d = pβ + 1. Thus we have
3 · pα + 1 = 2.pβ, which forces α = 0, pβ = 2, which is a contradiction. Therefore we
will not get any DO polynomials in this case.
When k = 8, we have three cases. If p = 3, then coefficients of x2d and x3d are
nonzero. This will be a DO polynomial if 2d = 3α +1 and 3d = 3t(pβ +1). Since 3t/3,
we have t = 1. Thus the second equation reduces to d = 3β + 1. Solving this we get
2 · 3β + 1 = 3α, which forces β = 0, α = 1 and d = 2. If p = 5 then coefficients of xd
and x3d are nonzero. This will be a DO polynomial if d = 5α + 1 and 3d = 5β + 1.
Solving this we obtain 3 · 5α + 2 = 5β which forces α = 0, β = 1 and d = 2. If p > 5,
then the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the polynomial
is not DO.
When k ≥ 9, we consider two subcases.
Case 1. k ≥ 9 and p > 3.
Subcase 1.1 k 6≡ 2, 3, 4 (mod p).
In this case, the coefficients of xd and x2d are nonzero. Thus, the polynomial is not
DO by Lemma 3.1.
Subcase 1.2 k ≡ 2 (mod p).
In this case, we have k 6≡ 3, 4, 5, 6 (mod p). Thus the coefficients of x2d and x3d are
nonzero. Therefore 2d = pα + 1 and 3d = pβ + 1. Solving these two equations we have
3pα + 2 = 2pβ. This forces α = 0, 2pβ = 5, which is a contradiction. Therefore we will
not get any DO polynomials in these cases.
Subcase 1.3 k ≡ 3 (mod p).
We consider the following subcases of this case:
Subcase 1.3.1 p = 5.
Now we have two cases.
1.3.1.1 k ≡ 3, 13, 18, 23 (mod 25).
In this case, k 6≡ 2 (mod 5). Therefore the coefficient of xd is nonzero. Also,
since k 6≡ 8 (mod 25), the coefficient of the term x6d is nonzero. This will be a DO
polynomial if d = 5α + 1 and 6d = 5β + 1. From second equation we have β ≥ 1.
Solving these two equations we have 6 · 5α + 5 = 5β, which forces α = 1 and 5β = 35
which is a contradiction. Therefore we will not get any DO polynomials in this case.
1.3.1.2 k ≡ 8 (mod 25) then condition k ≥ 9 is equivalent to k ≥ 33.
In this case, we have k 6≡ 2 (mod 5). Therefore the coefficient of xd is nonzero. Also,
since k 6≡ 13 (mod 25), the coefficient of the term x8d is nonzero. This will be a DO
polynomial if d = 5α + 1 and 8d = 5β + 1. From second equation we have β ≥ 1.
Solving these two equations we have 8 · 5α + 7 = 5β, which forces α = 0 and 5β = 15
which is a contradiction. Therefore we will not get any DO polynomials in this case.
Subcase 1.3.2 p > 5.
In this case, k 6≡ 2, 4, 5, 6. Therefore the coefficients of xd and x3d are nonzero. Thus,
by Lemma 3.2, the polynomial is not DO.
Subcase 1.4 k ≡ 4 (mod p).
Here we consider two subcases.
Subcase 1.4.1 p = 5.
In this case, k 6≡ 2, 5, 6, 7, 8. Therefore the coefficients of xd and x4d are nonzero.
This will be a DO polynomial if d = 5α+1 and 4d = 5β+1. Solving these two equations
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we get 4 · 5α + 3 = 5β, which forces α = 0, 5β = 7, which is a contradiction. Therefore
we will not get any DO polynomials in this case.
Subcase 1.4.2 p > 5.
In this case, we have k 6≡ 2, 5, 6, 7, 8. Therefore the coefficients of xd, x4d and x5d are
nonzero. This will be a DO polynomial if d = pα + 1, 4d = pβ + 1 and 5d = pγ + 1.
Solving first two equations we get 4pα + 3 = pβ, which forces α = 0, β = 1, p = 7
and d = 2. Now putting these values in third equation we get 7γ = 9, which is a
contradiction. Therefore we will not get any DO polynomials in this case.
Case 2. k ≥ 9 and p = 3.
Subcase 2.1 k ≡ 0, 3 (mod 9).
In this case, we have k ≡ 0 (mod 3) which implies that k 6≡ 2 (mod 3). Therefore
the coefficient of xd is nonzero. Also, if k ≡ 0, 3 (mod 9), then (k − 5) ≡ 1 (mod 3),
(k − 6) ≡ 0 (mod 3), (k − 7) ≡ 2 (mod 3) and (k − 8) ≡ 1 (mod 3). Since k ≡ 0, 3
(mod 9), we have k 6≡ 6 (mod 9). Hence the coefficient of x4d is nonzero. This will be
a DO polynomial if d = 3α + 1 and 4d = 3β + 1. Solving this we have 4 · 3α + 3 = 3β
which forces α = 1 but then 3β = 15, which is a contradiction. Therefore we will not
get any DO polynomials in this case.
Subcase 2.2 k ≡ 1, 4 (mod 9).
Here we have k ≡ 1 (mod 3) which implies that k 6≡ 2 (mod 3). Therefore the
coefficient of xd is nonzero. Also, if k ≡ 1, 4 (mod 9), then (k − 5) ≡ 2 (mod 3),
(k − 6) ≡ 1 (mod 3), (k − 7) ≡ 0 (mod 3) and (k − 8) ≡ 2 (mod 3). Since k ≡ 1, 4
(mod 9), we have k 6≡ 7 (mod 9). Hence the coefficient of x4d is nonzero. This will be
a DO polynomial if d = 3α + 1 and 4d = 3β + 1. Solving this we have 4 · 3α + 3 = 3β
which forces α = 1 but then 3β = 15, which is a contradiction. Therefore we will not
get any DO polynomials in this case.
Subcase 2.3 k ≡ 2 (mod 9).
In this case, k ≡ 2 (mod 3). Therefore k 6≡ 0, 1 (mod 3), and hence the coefficient
of x2d is nonzero. Now we have two subcases.
Subcase 2.3.1 k ≡ 2, 11 (mod 27).
Here we consider two subcases.
2.3.1.1 k = 11.
In this case, the coefficients of x2d, x3d and x5d are not zero. This will be a DO
polynomial if 2d = 3α + 1, 3d = 3t(3β + 1) and 5d = 3γ + 1. Since 3t/3, this forces
t = 1. Therefore second equation reduces to d = 3β +1. Solving first two equations we
get 2 · 3β + 1 = 3α, which forces β = 0, α = 1 and d = 2. Now putting these values in
third equation we have 3γ = 9. Thus γ = 2.
2.3.1.2 k ≥ 29.
We have (k − 12) ≡ 2 (mod 3), (k − 13) ≡ 1 (mod 3), (k − 14) ≡ 0 (mod 3),
(k − 15) ≡ 2 (mod 3), (k − 16) ≡ 1 (mod 3), (k − 17) ≡ 0 (mod 3), (k − 18) ≡ 2
(mod 3), (k − 19) ≡ 1 (mod 3), (k − 20) ≡ 0 (mod 3), (k − 21) ≡ 2 (mod 3) and
(k−22) ≡ 1 (mod 3),. Since k ≡ 2 (mod 9), k 6≡ 14, 17 (mod 9). Also, since k ≡ 2, 11
(mod 27), we have k 6≡ 20 (mod 27). Hence the coefficient of x11d is nonzero. This will
be a DO polynomial if 2d = 3α+1 and 11d = 3β +1. Thus we have 11 · 3α+9 = 2 · 3β,
which forces α = 2, but then 3β = 54, which is a contradiction. Therefore We will not
get any DO polynomial in this case.
Subcase 2.3.2 k ≡ 20 (mod 27).
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We have two subcases.
2.3.2.1 k = 20.
In this case, the coefficients of x2d, x3d,x5d and x9d are not zero. This will be a DO
polynomial if 2d = 3α +1, 3d = 3t(3β +1), 5d = 3γ +1 and 9d = 3l(3δ +1). Since 3t/3
and 3l/9 this forces t = 1 and l = 2. Therefore second and fourth equation reduces to
d = 3β + 1 and d = 3δ + 1. Solving first and second equation we have 2 · 3β + 1 = 3α,
which forces β = 0, α = 1 and d = 2. Now putting these values in third equation we
have 3γ = 9, thus γ = 2.
2.3.2.2 k ≥ 47.
We have (k − 21) ≡ 2 (mod 3), (k − 22) ≡ 1 (mod 3), (k − 23) ≡ 0 (mod 3),
(k − 24) ≡ 2 (mod 3), (k − 25) ≡ 1 (mod 3), (k − 26) ≡ 0 (mod 3), (k − 27) ≡ 2
(mod 3), (k−28) ≡ 1 (mod 3), (k−29) ≡ 0 (mod 3), (k−30) ≡ 2 (mod 3), (k−31) ≡
1 (mod 3), (k − 32) ≡ 0 (mod 3), (k − 33) ≡ 2 (mod 3), (k − 34) ≡ 1 (mod 3),
(k − 35) ≡ 0 (mod 3), (k − 36) ≡ 2 (mod 3), (k − 37) ≡ 1 (mod 3), (k − 38) ≡ 0
(mod 3), (k − 39) ≡ 2 (mod 3) and (k − 40) ≡ 1 (mod 3). Since k ≡ 2 (mod 9),
we get k 6≡ 23, 26, 32, 35 (mod 9). Also, since k ≡ 20 (mod 27), we have k 6≡ 29, 38
(mod 27). Hence the coefficient of x20d is nonzero. This will be a DO polynomial if
2d = 3α + 1 and 20d = 3β + 1. Thus we have 10 · 3α + 9 = 3β, which forces α = 2, but
then 3β = 99, which is a contradiction. Therefore we will not get any DO polynomials
in this case.
Subcase 2.4 k ≡ 5 (mod 9).
In this case, k ≡ 2 (mod 3). Therefore k 6≡ 0, 1 and hence the coefficient of x2d is
nonzero. Now we have two subcases.
Subcase 2.4.1 If k ≡ 5, 23 (mod 27), then k ≥ 9 is equivalent to k ≥ 23
We have (k − 12) ≡ 2 (mod 3), (k − 13) ≡ 1 (mod 3), (k − 14) ≡ 0 (mod 3),
(k − 15) ≡ 2 (mod 3), (k − 16) ≡ 1 (mod 3), (k − 17) ≡ 0 (mod 3), (k − 18) ≡ 2
(mod 3), (k − 19) ≡ 1 (mod 3), (k − 20) ≡ 0 (mod 3), (k − 21) ≡ 2 (mod 3) and
(k − 22) ≡ 1 (mod 3). Since k ≡ 5 (mod 9), we have k 6≡ 17, 20 (mod 9). Also,
since k ≡ 5, 23 (mod 27), we have k 6≡ 14 (mod 27). Hence the coefficient of x11d is
nonzero. This will be a DO polynomial if 2d = 3α + 1 and 11d = 3β + 1. Thus we
have 11 · 3α+9 = 2.3β, which forces α = 2, but then 3β = 54, which is a contradiction.
Therefore we will not get any DO polynomials in this case.
Subcase 2.4.2 k ≡ 14 (mod 27).
We consider two subcases.
2.4.2.1 k = 14.
In this case, the coefficients of x2d, x5d and x6d are not zero. This will be a DO
polynomial if 2d = 3α + 1, 5d = 3β + 1 and 6d = 3t(3γ + 1). Since 3t/6, this forces
t = 1. Therefore third equation reduces to 2d = 3γ + 1. Solving first two equations we
get 5 · 3α + 3 = 2.3β, which forces α = 1, β = 2 and d = 2.
2.4.2.2 k ≥ 41.
We have (k − 21) ≡ 2 (mod 3), (k − 22) ≡ 1 (mod 3), (k − 23) ≡ 0 (mod 3),
(k − 24) ≡ 2 (mod 3), (k − 25) ≡ 1 (mod 3), (k − 26) ≡ 0 (mod 3), (k − 27) ≡ 2
(mod 3), (k−28) ≡ 1 (mod 3), (k−29) ≡ 0 (mod 3), (k−30) ≡ 2 (mod 3), (k−31) ≡
1 (mod 3), (k − 32) ≡ 0 (mod 3), (k − 33) ≡ 2 (mod 3), (k − 34) ≡ 1 (mod 3),
(k − 35) ≡ 0 (mod 3), (k − 36) ≡ 2 (mod 3), (k − 37) ≡ 1 (mod 3), (k − 38) ≡ 0
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(mod 3), (k − 39) ≡ 2 (mod 3) and (k − 40) ≡ 1 (mod 3). Since k ≡ 5 (mod 9), we
have k 6≡ 26, 29, 35, 38 (mod 9). Also, since k ≡ 14 (mod 27), we have k 6≡ 23, 32
(mod 27). Hence the coefficient of x20d is nonzero. This will be a DO polynomial if
2d = 3α + 1 and 20d = 3β + 1. Thus we have 10 · 3α + 9 = 3β, which forces α = 2 but
then 3β = 99, which is a contradiction. Therefore we will not get any DO polynomials
in this case.
Subcase 2.5 k ≡ 6 (mod 9).
In this case, k ≡ 0 (mod 3). Therefore k 6≡ 2 and hence the coefficient of xd is
nonzero. Now we have two subcases.
Subcase 2.5.1 If k ≡ 6, 24 (mod 27) in this case k ≥ 9 is equivalent to k ≥ 24.
We have (k − 11) ≡ 1 (mod 3), (k − 12) ≡ 0 (mod 3), (k − 13) ≡ 2 (mod 3),
(k − 14) ≡ 1 (mod 3), (k − 15) ≡ 0 (mod 3), (k − 16) ≡ 2 (mod 3), (k − 17) ≡ 1
(mod 3), (k − 18) ≡ 0 (mod 3), (k − 19) ≡ 2 (mod 3), and (k − 20) ≡ 1 (mod 3),.
Since k ≡ 6 (mod 9), we have k 6≡ 12, 18 (mod 9). Also, since k ≡ 6, 24 (mod 27),
we have k 6≡ 15 (mod 27). Hence the coefficient of x10d is nonzero. This will be a DO
polynomial if d = 3α+1 and 10d = 3β +1. Thus we have 10 · 3α+9 = 3β, which forces
α = 2, but then 3β = 99, which is a contradiction. Therefore we will not get any DO
polynomials in this case.
Subcase 2.5.2 k ≡ 15 (mod 27).
We consider two subcases.
2.5.2.1 k = 15
In this case, the coefficients of xd, x6d and x7d are not zero. This will be a DO
polynomial if d = 3α+1, 6d = 3t(3β +1) and 7d = 3γ +1. Since 3t/6, this forces t = 1.
Therefore the second equation reduces to 2d = 3β + 1. Solving first two equations we
get 2 · 3α + 1 = 3β, which forces α = 0, β = 1 and d = 2. Now putting these values in
third equation we get 3γ = 13, which is a contradiction. Therefore we will not get any
DO polynomials in this case.
2.5.2.2 k ≥ 42.
In this case, we have (k − 17) ≡ 1 (mod 3), (k − 18) ≡ 0 (mod 3), (k − 19) ≡ 2
(mod 3), (k−20) ≡ 1 (mod 3), (k−21) ≡ 0 (mod 3), (k−22) ≡ 2 (mod 3), (k−23) ≡
1 (mod 3), (k − 24) ≡ 0 (mod 3), (k − 25) ≡ 2 (mod 3), (k − 26) ≡ 1 (mod 3),
(k − 27) ≡ 0 (mod 3), (k − 28) ≡ 2 (mod 3), (k − 29) ≡ 1 (mod 3), (k − 30) ≡ 0
(mod 3), (k − 31) ≡ 2 (mod 3) and (k − 32) ≡ 1 (mod 3). Since k ≡ 6 (mod 9),
we have k 6≡ 18, 21, 27, 30 (mod 9). Also, since k ≡ 15 (mod 27), we have k 6≡ 24
(mod 27). Hence the coefficient of x16d is nonzero. This will be a DO polynomial if
d = 3α + 1 and 16d = 3β + 1. Thus we have 16 · 3α + 15 = 3β, which forces α = 1 but
then 3β = 63, which is a contradiction. Therefore We will not get any DO polynomial
in this case.
Subcase 2.6 k ≡ 7 (mod 9).
In this case, k ≡ 1 (mod 3). Therefore k 6≡ 2 and hence the coefficient of xd is
nonzero. Now we have two subcases.
Subcase 2.6.1 If k ≡ 7, 25 (mod 27), then k ≥ 9 is equivalent to k ≥ 25
We have (k − 11) ≡ 2 (mod 3), (k − 12) ≡ 1 (mod 3), (k − 13) ≡ 0 (mod 3),
(k − 14) ≡ 2 (mod 3), (k − 15) ≡ 1 (mod 3), (k − 16) ≡ 0 (mod 3), (k − 17) ≡ 2
(mod 3), (k − 18) ≡ 1 (mod 3), (k − 19) ≡ 0 (mod 3), and (k − 20) ≡ 2 (mod 3).
Since k ≡ 7 (mod 9), we have k 6≡ 13, 19 (mod 9). Also, since k ≡ 7, 25 (mod 27),
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we have k 6≡ 16 (mod 27). Hence the coefficient of x10d is nonzero. This will be a DO
polynomial if d = 3α+1 and 10d = 3β +1. Thus we have 10 · 3α+9 = 3β, which forces
α = 2, but then 3β = 99, which is a contradiction. Therefore we will not get any DO
polynomials in this case.
Subcase 2.6.2 k ≡ 16 (mod 27).
We have two subcases.
2.6.2.1 k = 16.
In this case, the coefficients of xd, x3d and x7d are not zero. This will be a DO
polynomial if d = 3α+1, 3d = 3t(3β +1) and 7d = 3γ +1. Since 3t/3, this forces t = 1.
Therefore the second equation reduces to d = 3β +1. Solving first and third equations
we have 7 · 3α + 6 = 3γ, which forces α = 1, γ = 2 and d = 4.
2.6.2.2 k ≥ 43.
In this case, we have (k − 17) ≡ 2 (mod 3), (k − 18) ≡ 1 (mod 3), (k − 19) ≡ 0
(mod 3), (k−20) ≡ 2 (mod 3), (k−21) ≡ 1 (mod 3), (k−22) ≡ 0 (mod 3), (k−23) ≡
2 (mod 3), (k − 24) ≡ 1 (mod 3), (k − 25) ≡ 0 (mod 3), (k − 26) ≡ 2 (mod 3),
(k − 27) ≡ 1 (mod 3), (k − 28) ≡ 0 (mod 3), (k − 29) ≡ 2 (mod 3), (k − 30) ≡ 1
(mod 3), (k − 31) ≡ 0 (mod 3) and (k − 32) ≡ 2 (mod 3). Since k ≡ 7 (mod 9),
we have k 6≡ 19, 22, 28, 31 (mod 9). Also, since k ≡ 16 (mod 27), we have k 6≡ 25
(mod 27). Hence the coefficient of x16d is nonzero. This will be a DO polynomial if
d = 3α + 1 and 16d = 3β + 1. Thus we have 16 · 3α + 15 = 3β, which forces α = 1 but
then 3β = 63, which is a contradiction. Therefore we will not get any DO polynomials
in this case.
Subcase 2.7 k ≡ 8 (mod 9).
In this case, k ≡ 2 (mod 3). When k ≡ 8 (mod 9) then (k − 9) ≡ 2 (mod 3),
(k − 10) ≡ 1 (mod 3), (k − 11) ≡ 0 (mod 3),(k − 12) ≡ 2 (mod 3), (k − 13) ≡ 1
(mod 3), (k−14) ≡ 0 (mod 3), (k−15) ≡ 2 (mod 3) and (k−16) ≡ 1 (mod 3). Since
k ≡ 8 (mod 9), we have k 6≡ 11, 14 (mod 9). Hence the coefficients of x2d and x8d are
nonzero. This will be a DO polynomial if 2d = 3α + 1 and 8d = 3β + 1. Thus we
have 4 · 3α + 3 = 3β, which forces α = 1, but then 3β = 15, which is a contradiction.
Therefore we will not get any DO polynomials in this case.

5. DO polynomials from reversed Dickson polynomials of the fourth
kind
In this section we give a complete classification when a reversed Dickson Polynomial
of fourth kind Gk(1, x
d) is Dembowski-Ostrom Polynomial. Since Gk(1, x) = Dk(1, x)
(mod 3), for p = 3, Gk(1, x
d) will be a DO polynomial whenever Dk(1, x
d) is DO,
which is completely explained in Section 2. Therefore, we assume that p > 3 in this
subsection.
Note that Gkp 6= G
p
k, but Gk(1, x
pd) = Gk(1, x
d)p. So we always assume that
gcd(d, p) = 1, but k and p are not necessarily relatively prime.
Theorem 5.1. Let q be a power of odd prime p. The polynomial Gk(1, x
d)−Gk(1, 0)
is a Dembowski-Ostrom polynomial over Fq if and only if one of the following holds.
(1) k = 2 and d = pn(pα + 1) for non negative integers α and n.
(2) p = 5, k = 6, 11 and d = 2pn for non negative integer n.
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Proof. It is easy to check that each of the cases listed in the theorem correspond to the
DO polynomials in all cases, therefore sufficient part is done. Now it only remains to
show that all the DO polynomials obtained from the reversed Dickson polynomial of
fourth kind will be in any one of the above mentioned class.
When k = 2, the coefficient of xd is nonzero. Therefore this will be a DO polynomial
if d is of the form pα + 1.
When k = 3, we get the zero polynomial.
When k = 4, 5, 7, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1,
the polynomial is not DO.
When k = 6, the coefficients of xd and x3d are nonzero. This will be a DO polynomial
if d = pα + 1 and 3d = pβ + 1. Solving this, we get 3pα + 2 = pβ, which forces α = 0,
p = 5 and d = 2. For p > 5, the polynomial is not DO by Lemma 3.2.
When k ≥ 8, we proceed as follows.
Case 1. p = 5.
Subcase 1.1 k 6≡ 1, 3 (mod 5).
In this case, the coefficients of xd and x2d are nonzero. Hence, by Lemma 3.1, the
polynomial is not DO.
Subcase 1.2 k ≡ 3 (mod 5).
In this case, the coefficients of x3d and x4d are nonzero. Therefore this will be a DO
polynomial if 3d = 5α + 1 and 4d = 5β + 1. Thus we have 4 · 5α + 1 = 3 · 5β which
forces α = 0 and 3 · 5β = 5, which is a contradiction. Therefore we will not get any
DO polynomials in this case.
Subcase 1.3 k ≡ 1 (mod 5).
We consider two subcases.
1.3.1 k ≡ 1, 6, 16, 21 (mod 25).
In this case, the coefficient of x3d is nonzero. Also, since k 6≡ 11 (mod 25), the
coefficient of x6d is nonzero. This will be a DO polynomial if 3d = 5α+1 and 6d = 5β+1.
Solving this we get 2·5α+1 = 5β which forces α = 0 and 5β = 3, which is a contradiction.
Thus we will not get any DO polynomials in this case.
1.3.2 k ≡ 11 (mod 25).
1.3.2.1 k = 11.
We have G11 = 2x
d + x3d + 4x5d. This will be a DO polynomial if d = 5α + 1,
3d = 5β +1 and 5d = 5t(5γ +1). Since 5t/5, this forces t = 1. Thus the third equation
reduces to d = 5γ + 1. Solving first two equations we get 3 · 5α + 2 = 5β which forces
α = 0, β = 1 and d = 2.
1.3.2.2 k ≥ 36.
In this case, the coefficient of x3d is nonzero. Also since k 6≡ 16, 21(mod 25) therefore
the coefficient of x11d is nonzero. This will be a DO polynomial if 3d = 5α + 1 and
11d = 5β+1. Solving this we have 11 ·5α+8 = 3.5β which forces α = 0 and 3 ·5β = 19,
which is a contradiction. Therefore we will not get any DO polynomials in this case.
Case 2. p = 7.
Subcase 2.1 k 6≡ 3, 6 (mod 7).
Here, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the polynomial
is not DO.
Subcase 2.2 k ≡ 3 (mod 7).
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In this case, the coefficients of x3d and x4d are nonzero. Therefore this will be a DO
polynomial if 3d = 7α + 1 and 4d = 7β + 1. Solving this we have 4 · 7α + 1 = 3 · 7β
which forces α = 0 and 3 · 7β = 5, which is a contradiction. Thus we will not get any
DO polynomials in this case.
Subcase 2.3 k ≡ 6 (mod 7).
Here, the coefficients of xd and x3d are nonzero. Hence, the polynomial is not DO
by Lemma 3.2.
Case 3. p > 7.
Subcase 3.1 k 6≡ 3, 6 (mod p).
Here, the coefficients of xd and x2d are nonzero. Therefore, by Lemma 3.1, the
polynomial is not DO.
Subcase 3.2 k ≡ 3 (mod p).
In this case, the coefficients of x3d and x4d are nonzero. Therefore this will be a DO
polynomial if 3d = pα +1 and 4d = pβ +1. Thus we have 4 · pα +1 = 3pβ which forces
α = 0 and 3pβ = 5, which is a contradiction. Thus we will not get any DO polynomials
in this case.
Subcase 3.3 k ≡ 6 (mod p). Here, the coefficients of xd and x3d are nonzero. Thus,
by Lemma 3.2, the polynomial is not DO.

6. DO polynomials from reversed Dickson polynomials of the fifth
kind
In this section, we give a complete classification when a reversed Dickson Polynomial
of fifth kind Hk(1, x
d) is Dembowski-Ostrom Polynomial. Since Hk(1, x) = Ek(1, x)
(mod 3), for p = 3, Hk(1, x
d) will be a DO polynomial whenever Ek(1, x
d) is DO,
which is completely explained in Section 3. Therefore, we again assume that p > 3 in
this subsection.
Note that Hkp 6= H
p
k , but Hk(1, x
pd) = Hk(1, x
d)p. So we always assume that
gcd(d, p) = 1, but k and p are not necessarily relatively prime.
Theorem 6.1. Let q be a power of odd prime p. The polynomial Hk(1, x
d)−Hk(1, 0)
is a Dembowski-Ostrom polynomial over Fq if and only if one of the following holds.
(1) k = 2, 3 and d = pn(pα + 1) for non negative integers α and n.
(2) k = 4 and d = pn(pα + 1)/2 for non negative integers α and n.
Proof. It is easy to check that each of the cases listed in the theorem correspond to the
DO polynomials in all cases, therefore sufficient part is done. Now it only remains to
show that all the DO polynomials obtained from the reversed Dickson polynomial of
fifth kind will be in any one of the above mentioned class.
When k = 2, 3, the coefficient of xd is nonzero. Therefore this will be a DO polyno-
mial if d is of the form pα + 1.
When k = 4, the coefficient of x2d is nonzero. Therefore this will be a DO polynomial
if d is of the form (pα + 1)/2.
When k = 5, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
When k = 6, the coefficients of xd and x2d are nonzero. Hence, the polynomial is
not DO by Lemma 3.1.
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When k = 7, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
When k = 8, the coefficients of xd, x3d and x4d are nonzero. This will be a DO
polynomial if d = 5α + 1 and 4d = 5β + 1. Solving this we get 4 · 5α + 3 = 5β which
forces α = 0 and 5β = 7, which is a contradiction. Thus we will not get any DO
polynomials in this case.
When k = 9, the coefficients of x2d and x4d are nonzero. This will be a DO polynomial
if 2d = 5α + 1 and 4d = 5β + 1. Solving this we get 2 · 5α + 1 = 5β which forces α = 0,
5β = 3, which is a contradiction. Thus we will not get any DO polynomials in this
case.
When k ≥ 10, we proceed as follows.
Case 1. p = 5.
Subcase 1.1 k 6≡ 3, 4 (mod 5).
In this case, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
Subcase 1.2 k ≡ 3 (mod 5).
Here, the coefficients of xd and x4d are nonzero. Therefore this will be a DO poly-
nomial if d = 5α + 1 and 4d = 5β +1. Thus we have 4 · 5α +3 = 5β which forces α = 0
and 5β = 7, which is a contradiction. Hence we will not get any DO polynomials in
this case.
Subcase 1.3 k ≡ 4 (mod 5).
We consider two subcases.
1.3.1 k ≡ 4, 14, 19, 24 (mod 25).
In this case, the coefficient of x2d is nonzero. Also since k 6≡ 9 (mod 25) therefore
the coefficient of x5d is nonzero. This will be a DO polynomial if 2d = 5α + 1 and
5d = 5t(5β + 1). Since 5t|5, which implies t = 1, the second equation reduces to
d = 5β + 1. Thus we have 2 · 5β + 1 = 5α which forces β = 0 and 5α = 3, which is a
contradiction. Therefore we will not get any DO polynomials in this case.
1.3.2 If k ≡ 9 (mod 25), then k ≥ 10 is equivalent to k ≥ 34.
Here, the coefficient of x2d is nonzero. Also since k 6≡ 14(mod 25) therefore the
coefficient of x9d is nonzero. This will be a DO polynomial if 2d = 5α+1 and 9d = 5β+1.
Thus we have 9 ·5α+7 = 2 ·5β which forces α = 0 and 5β = 8, which is a contradiction.
Thus we will not get any DO polynomials in this case.
Case 2. p = 7.
Subcase 2.1 k 6≡ 1, 3, 4 (mod 7).
In this case, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
Subcase 2.2 k ≡ 1, 3 (mod 7).
Here, the coefficients of xd and x3d are nonzero. Therefore, by Lemma 3.2, the
polynomial is not DO.
Subcase 2.3 k ≡ 4 (mod 7).
Here, the coefficients of x2d and x4d are nonzero. This will be a DO polynomial if
2d = 7α + 1 and 4d = 7β + 1. Solving this we have 2 · 7α + 1 = 7β which forces α = 0
and 7β = 3, which is a contradiction. Therefore we will not get any DO polynomials
in this case.
Case 3. p > 7.
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Subcase 3.1 k 6≡ 3, 4, 8 (mod 7).
In this case, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
Subcase 3.2 k ≡ 3, 8 (mod 7).
Here, the coefficients of xd and x3d are nonzero. Hence, the polynomial is not DO
by Lemma 3.2.
Subcase 3.3 k ≡ 4 (mod 7). In this case, the coefficients of x2d and x3d are nonzero.
This will be a DO polynomial if 2d = 7α + 1 and 3d = 7β + 1. Solving this we have
3 · 7α + 1 = 2 · 7β which forces α = 0 and 7β = 2, which is a contradiction. Thus we
will not get any DO polynomials in this case.

7. DO polynomials from reversed Dickson polynomials of the sixth
kind
In this section, we give a complete classification when a reversed Dickson Polynomial
of sixth kind Ik(1, x
d) is Dembowski-Ostrom Polynomial. Since Ik(1, x) = Fk(1, x)
(mod 3), for p = 3, Ik(1, x
d) will be a DO polynomial whenever Fk(1, x
d) is DO,
which is completely explained in Section 4. Also, since Ik(1, x) = Dk(1, x) (mod 5),
for p = 5, Ik(1, x
d) will be a DO polynomial whenever Dk(1, x
d) is DO, which is
completely explained in Section 2. Thus we assume that p ≥ 7 in this subsection.
Note that Ikp 6= I
p
k , but Ik(1, x
pd) = Ik(1, x
d)p. So we always assume that gcd(d, p) =
1, but k and p are not necessarily relatively prime.
Theorem 7.1. Let q be a power of odd prime p. The polynomial Ik(1, x
d)− Ik(1, 0) is
a Dembowski-Ostrom polynomial over Fq if and only if one of the following holds.
(1) p ≥ 7, k = 2, 3 and d = pn(pα + 1) for non negative integers α and n.
(2) p ≥ 7, k = 5 and d = pn(pα + 1)/2 for non negative integers α and n.
Proof. It is easy to check that each of the cases listed in the theorem correspond to the
DO polynomials in all cases, therefore sufficient part is done. Now it only remains to
show that all the DO polynomials obtained from the reversed Dickson polynomial of
fourth kind will be in any one of the above mentioned class.
Let p ≥ 7.
When k = 2, 3, the coefficient of xd is nonzero. Therefore this will be a DO polyno-
mial if d is of the form pα + 1.
When k = 4, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
When k = 5, the coefficient of x2d is nonzero. Therefore this will be a DO polynomial
if d is of the form (pα + 1)/2.
When k = 6, 7, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
When k ≥ 8, we proceed as follows.
Case 1. k 6≡ 3, 5, 10 (mod p).
In this case, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
Case 2. k ≡ 3 (mod p).
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In this case, k 6≡ 4, 5, 15 (mod p). Thus the coefficients of xd and x3d are nonzero.
Hence, the polynomial is not DO by Lemma 3.2.
Case 3. If k ≡ 5 (mod p), then condition k ≥ 8 is equivalent to k ≥ 12.
In this case, the k 6≡ 3, 6, 7, 8, 9, 10, 25 (mod p) coefficients of x2d and x5d are nonzero.
This will be a DO polynomial if 2d = 7α + 1 and 5d = 7β + 1. Solving this we have
5 · 7α + 3 = 2 · 7β which forces α = 0 and 7β = 4, which is a contradiction. Thus we
will not get any DO polynomials in this case.
Case 4. k ≡ 10 (mod p).
Subcase 4.1 If p = 7, then this is equivalent to the case k ≡ 3 (mod p).
Subcase 4.2 p > 7.
In this case, k 6≡ 4, 5, 15 (mod p). Thus the coefficients of xd and x3d are nonzero.
Thus, by Lemma 3.2, the polynomial is not DO.

8. DO polynomials from reversed Dickson polynomials of the seventh
kind
In this section we give a complete classification when a reversed Dickson Polynomial
of 7th kind Jk(1, x
d) is Dembowski-Ostrom Polynomial. Since Jk(1, x) = Dk(1, x)
(mod 3), for p = 3, Jk(1, x
d) will be a DO polynomial whenever Dk(1, x
d) is DO,
which is completely explained in Section 2. Since Jk(1, x) = Ek(1, x) (mod 5), for
p = 5, Jk(1, x
d) will be a DO polynomial whenever Ek(1, x
d) is DO, which is completely
explained in Section 3. Thus we assume that p ≥ 7 in this subsection.
Note that Jkp 6= J
p
k , but Jk(1, x
pd) = Jk(1, x
d)p. So we always assume that gcd(d, p) =
1, but k and p are not necessarily relatively prime.
Theorem 8.1. Let q be a power of odd prime p. The polynomial Jk(1, x
d) − Jk(1, 0)
is a Dembowski-Ostrom polynomial over Fq if and only if one of the following holds.
(1) p = 7, k = 2, 3, 5 and d = pn(pα + 1) for non negative integers α and n.
(2) p > 7, k = 2, 3 and d = pn(pα + 1) for non negative integers α and n.
Proof. It is easy to check that each of the cases listed in the theorem correspond to the
DO polynomials in all cases, therefore sufficient part is done. Now it only remains to
show that all the DO polynomials obtained from the reversed Dickson polynomial of
seventh kind will be in any one of the above mentioned class.
Let p ≥ 7.
When k = 2, 3, the coefficient of xd is nonzero. Therefore this will be a DO polyno-
mial if d is of the form pα + 1.
When k = 4, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
When k = 5, If p = 7 the coefficient of xd is nonzero. Therefore this will be a DO
polynomial if d is of the form (pα + 1). If p > 7, then the coefficients of xd and x2d are
nonzero. Therefore this will be a DO polynomial if d = pα+1 and 2d = pβ+1. Solving
this we have 2pα + 1 = pβ which forces α = 0 and pβ = 3, which is a contradiction.
Thus we will not get any DO polynomials in this case.
When k = 6, the coefficients of x2d and x3d are nonzero. This will be a DO polynomial
if 2d = pβ + 1 and 3d = pγ + 1. Solving these two equations we get 3pβ + 1 = 2pγ ,
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which forces β = 0 and pγ = 2, which is a contradiction. Therefore we will not get any
DO polynomials in this case.
When k = 7, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
When k ≥ 8, we proceed as follows.
Case 1. k 6≡ 3, 6, 12 (mod p).
In this case, the coefficients of xd and x2d are nonzero. Hence, the polynomial is not
DO by Lemma 3.1.
Case 2. k ≡ 3 (mod p).
In this case, we have k 6≡ 4, 5, 6, 18 (mod p). Therefore the coefficients of xd and x3d
are nonzero. Thus, by Lemma 3.2, the polynomial is not DO.
Case 3. If k ≡ 6 (mod p), then the condition k ≥ 8 is equivalent to k ≥ 13.
In this case, we have k 6≡ 3, 4, 5, 12, 18 (mod p). So the coefficients of x2d and x3d
are nonzero. This will be a DO polynomial if 2d = 7α + 1 and 3d = 7β + 1. Thus
we have 3 · 7α + 1 = 2 · 7β which forces α = 0 and 7β = 2, which is a contradiction.
Therefore we will not get any DO polynomials in this case.
Case 4. If k ≡ 12 (mod p)
Subcase 4.1 p = 7.
In this case, we have k ≡ 5 (mod p), which implies k 6≡ 6, 7, 8, 9, 30 (mod p). Thus
the coefficients of xd and x5d are nonzero. This will be a DO polynomial if d = 7α + 1
and 5d = 7β + 1. Solving this we get 5 · 7α + 1 = 7β which forces α = 0 and 7β = 6,
which is a contradiction. Hence we will not get any DO polynomials in this case.
Subcase 4.2 p > 7.
In this case, k 6≡ 4, 5, 6, 18 (mod p). Therefore the coefficients of xd and x3d are
nonzero. Thus, by Lemma 3.2, the polynomial is not DO.

9. The case p > 7
In previous sections, we explained all the cases where p = 3, 5, 7, andm ≡ 0, 1, 2, 3, 4, 5, 6
(mod p) with p > 7. In this subsection, we explain the case where m 6≡ 0, 1, 2, 3, 4, 5, 6
(mod p) with p > 7.
Let m 6≡ 0, 1, 2, 3, 4, 5, 6 (mod p).
When k = 2, the coefficient of xd is m − 2 which is nonzero. Therefore this will be
a DO polynomial if d is of the form pα + 1.
When k = 3, the coefficient of xd is m − 3 which is nonzero. Therefore this will be
a DO polynomial if d is of the form pα + 1.
When k = 4, the coefficients of xd and x2d are nonzero. Thus, by Lemma 3.1, the
polynomial is not DO.
When k = 5, the coefficients of xd and x2d are m− 5 and 5− 2m. Now we have two
cases,
Case A. If 2m 6≡ 5 (mod p)
In this case, the coefficients of xd and x2d are nonzero. Hence, the polynomial is not
DO by Lemma 3.1.
Case B. If 2m ≡ 5 (mod p)
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In this case, the coefficient of xd is nonzero. Therefore this will be a DO polynomial
if d is of the form pα + 1.
When k ≥ 6, we will prove the following theorem.
Theorem 9.1. Let p > 7 and m 6≡ 0, 1, 2, 3, 4, 5, 6 (mod p). Then there are no DO
polynomials from reversed Dickson polynomial of (m+ 1)-th kind whenever k ≥ 6.
Proof. We will divide the proof into four cases as follows.
Case 1. k 6≡ 3, m, 2m (mod p).
In this case, the coefficients of xd and x2d are nonzero. Therefore, by Lemma 3.1,
the polynomial is not DO.
Case 2. k ≡ 3 (mod p).
In this case, we have k 6≡ 4, 5 (mod p). Also, note that k 6≡ m (mod p), otherwise
m ≡ 3 (mod p). Similarly k 6≡ 3m (mod p), otherwise m ≡ 1 (mod p). Therefore,
in this case, the coefficients of xd and x3d are nonzero. Thus, by Lemma 3.2, the
polynomial is not DO.
Case 3. k ≡ m (mod p).
In this case, k 6≡ 3, 4, 5 (mod p). Also, note that k 6≡ 2m (mod p), otherwise m ≡ 0
(mod p). Similarly k 6≡ 3m (mod p), otherwise m ≡ 0 (mod p). Therefore, in this
case, the coefficients of x2d and x3d are nonzero. Therefore this will be a DO polynomial
if 2d = pα + 1 and 3d = pβ + 1. Solving these equations we get 3pα + 1 = 2pβ, which
forces α = 0 and pβ = 2, which is a contradiction. Therefore we will not get any DO
polynomials in this case.
Case 4. k ≡ 2m (mod p).
In this case, we have k 6≡ m (mod p), otherwise m ≡ 0 (mod p). Therefore the
coefficient of xd is nonzero. Now we have two subcases.
Subcase 4.1 k 6≡ 5 (mod p).
In this case, k 6≡ 3m (mod p), otherwise m ≡ 0 (mod p). Also, note that k 6≡ 4
(mod p), otherwise m ≡ 2 (mod p). Therefore the coefficient of x3d is nonzero. Thus,
by Lemma 3.2, the polynomial is not DO.
Subcase 4.2 k ≡ 5 (mod p).
Note that the condition k ≥ 6 is equivalent to k ≥ 16.
In this case, we have k 6≡ 6, 7, 8, 9 (mod p). Also, note that k 6≡ 5m (mod p),
otherwise m ≡ 0 (mod p). Therefore the coefficient of x5d is nonzero. Therefore this
will be a DO polynomial if d = pα+1 and 5d = pβ +1. Solving these equations we get
5pα + 4 = pβ, which forces α = 0 and pβ = 9, which is a contradiction. Therefore we
will not get any DO polynomials in this case.

10. A Summary
10.1. Conditions on p, m, k and d for which RDP is a DO polynomial.
Theorem 10.1. Let Dk,m(1, x) be the k-th reversed Dickson polynomial of the (m+1)-
th kind. Then the polynomial Dk,m(1, x
d)−Dk,m(1, 0) is a Dembowski-Ostrom polyno-
mial over a finite field of odd characteristic if and only if one of the following holds:
(1) For p = 3
(a) When m ≡ 0 (mod 3)
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(i) k = 2pl and d = pn(pα + 1) for nonnegative integers α, n and l.
(ii) k = 4pl and d = 2pn for nonnegative integers n and l.
(iii) k = 5pl and d = 2pn for nonnegative integers n and l.
(iv) k = 7pl and d = 2pn for nonnegative integers n and l.
(b) When m ≡ 1 (mod 3)
(i) k = 2, 3, 5, 6 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 4 and d = pn(pα + 1)/2 for nonnegative integers α and n.
(iii) k = 7, 10, 13, 19 and d = 2pn for nonnegative integer n.
(iv) k = 15 and d = 4pn for nonnegative integer n.
(c) When m ≡ 2 (mod 3)
(i) k = 3, 4, 6, 7 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 5 and d = pn(pα + 1)/2 for nonnegative integers α and n.
(iii) k = 8, 11, 14, 20 and d = 2pn for nonnegative integer n.
(iv) k = 16 and d = 4pn for nonnegative integer n.
(2) For p = 5
(a) When m ≡ 0 (mod 5)
(i) k = 2pl and d = pn(pα + 1) for nonnegative integers α, n and l.
(ii) k = 3pl and d = pn(pα + 1) for nonnegative integers α, n and l.
(b) When m ≡ 1 (mod 5)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 7 and d = 2pn for nonnegative integer n.
(c) When m ≡ 2 (mod 5)
(i) k = 3, 4 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 8 and d = 2pn for nonnegative integer n.
(d) When m ≡ 3 (mod 5)
(i) k = 2 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 6, 11 and d = 2pn for nonnegative integer n.
(e) When m ≡ 4 (mod 5)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 4 and d = pn(pα + 1)/2 for nonnegative integers α and n.
(3) For p = 7
(a) When m ≡ 0 (mod 7)
(i) k = 2pl and d = pn(pα + 1) for nonnegative integers α, n and l.
(ii) k = 3pl and d = pn(pα + 1) for nonnegative integers α, n and l.
(b) When m ≡ 1 (mod 7)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(c) When m ≡ 2 (mod 7)
(i) k = 3, 4 and d = pn(pα + 1) for nonnegative integers α and n.
(d) When m ≡ 3 (mod 7)
(i) k = 2 and d = pn(pα + 1) for nonnegative integers α and n.
(e) When m ≡ 4 (mod 7)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 4 and d = pn(pα + 1)/2 for nonnegative integers α and n.
(f) When m ≡ 5 (mod 7)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 5 and d = pn(pα + 1)/2 for nonnegative integers α and n.
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(g) When m ≡ 6 (mod 7)
(i) k = 2, 3, 5 and d = pn(pα + 1) for nonnegative integers α and n.
(4) For p > 7
(a) When m ≡ 0 (mod p)
(i) k = 2pl and d = pn(pα + 1) for nonnegative integers α, n and l.
(ii) k = 3pl and d = pn(pα + 1) for nonnegative integers α, n and l.
(b) When m ≡ 1 (mod p)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(c) When m ≡ 2 (mod p)
(i) k = 3, 4 and d = pn(pα + 1) for nonnegative integers α and n.
(d) When m ≡ 3 (mod p)
(i) k = 2 and d = pn(pα + 1) for nonnegative integers α and n.
(e) When m ≡ 4 (mod p)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(f) m ≡ 5 (mod p)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 5 and d = pn(pα + 1)/2 for nonnegative integers α and n.
(g) m ≡ 6 (mod p)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(h) When m 6≡ 0, 1, 2, 3, 4, 5, 6 (mod p)
(i) k = 2, 3 and d = pn(pα + 1) for nonnegative integers α and n.
(ii) k = 5 and 2m ≡ 5 (mod p) and d = pn(pα + 1) for nonnegative
integers α and n.
10.2. A complete list of Dembowski-Ostrom polynomials. In this subsection, we
present the complete list of Dembowski-Ostrom polynomials obtained from polynomial
Dk,m(1, x
d)−Dk,m(1, 0) over a finite field of odd characteristic.
(1) For p = 3
(a) When m ≡ 0 (mod 3)
(i) k = 2.3l then x3
n+l(3α+1) for nonnegative integers α, n and l.
(ii) k = 4.3l then 2x2.3
n+l
+ 2x4.3
n+l
for nonnegative integers n and l.
(iii) k = 5.3l then x2.3
n+l
+ 2x4.3
n+l
for nonnegative integers n and l.
(iv) k = 7.3l then 2x2.3
n+l
+ 2x4.3
n+l
+ x2.3
n+l+1
for nonnegative integers n
and l.
(b) When m ≡ 1 (mod 3)
(i) k = 2, 5 then 2x3
n(3α+1) for nonnegative integers α and n.
(ii) k = 3, 4 then x3
n(3α+1) for nonnegative integers α and n.
(iii) k = 6 then x3
n(3α+1) + 2x3
n+1(3α+1) for nonnegative integers α and n.
(iv) k = 7 then x4.3
n
+ 2x2.3
n+1
for nonnegative integer n.
(v) k = 10 then x4.3
n
+ x2.3
n+1
+ 2x10.3
n
for nonnegative integer n.
(vi) k = 13 then x4.3
n
+ x10.3
n
+ x4.3
n+1
for nonnegative integer n.
(vii) k = 15 then x4.3
n
+ x4.3
n+1
+ x28.3
n
for nonnegative integer n.
(viii) k = 19 then x4.3
n
+x2.3
n+1
+2x10.3
n
+2x2.3
n+2
for nonnegative integer
n.
(c) When m ≡ 2 (mod 3)
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(i) k = 3, 6 then 2x3
n(3α+1) for nonnegative integers α and n.
(ii) k = 4, 5 then x3
n(3α+1) for nonnegative integers α and n.
(iii) k = 7 then x3
n(3α+1) + 2x3
n+1(3α+1) for nonnegative integers α and n.
(iv) k = 8 then x4.3
n
+ 2x2.3
n+1
for nonnegative integer n.
(v) k = 11 then x4.3
n
+ x2.3
n+1
+ 2x10.3
n
for nonnegative integer n.
(vi) k = 14 then x4.3
n
+ x10.3
n
+ x4.3
n+1
for nonnegative integer n.
(vii) k = 16 then x4.3
n
+ x4.3
n+1
+ x28.3
n
for nonnegative integer n.
(viii) k = 20 then x4.3
n
+x2.3
n+1
+2x10.3
n
+2x2.3
n+2
for nonnegative integer
n.
(2) For p = 5
(a) When m ≡ 0 (mod 5)
(i) k = 2.5l then 3x5
n+l(5α+1) for non negative integers α, n and l.
(ii) k = 3.5l then 2x5
n+l(5α+1) for non negative integers α, n and l.
(b) When m ≡ 1 (mod 5)
(i) k = 2 then 4x5
n(5α+1) for nonnegative integers α and n.
(ii) k = 3 then 3x5
n(5α+1) for nonnegative integers α and n.
(iii) k = 7 then 4x2.5
n
+ x6.5
n
for nonnegative integer n.
(c) When m ≡ 2 (mod 5)
(i) k = 3 then 4x5
n(5α+1) for nonnegative integers α and n.
(ii) k = 4 then 3x5
n(5α+1) for nonnegative integer n.
(iii) k = 8 then 4x2.5
n
+ x6.5
n
for nonnegative integer n.
(d) When m ≡ 3 (mod 5)
(i) k = 2 then 2x5
n(5α+1) for nonnegative integers α and n.
(ii) k = 6 then 2x2.5
n
+ x6.5
n
for nonnegative integer n.
(iii) k = 11 then 2x2.5
n
+ x6.5
n
+ 4x2.5
n+1
for nonnegative integer n.
(e) When m ≡ 4 (mod 5)
(i) k = 2 then 2x5
n(5α+1) for nonnegative integers α and n.
(ii) k = 3 then x5
n(5α+1) for nonnegative integer n.
(iii) k = 4 then 3x5
n(5α+1) for nonnegative integer n.
(3) For p > 5
(a) When m ≡ 0 (mod p)
(i) k = 2pl then (p− 2)xp
n+l(pα+1) for nonnegative integers α, n and l.
(ii) k = 3pl then (p− 3)xp
n+l(pα+1) for nonnegative integers α, n and l.
(b) When m ≡ 1 (mod p)
(i) k = 2 then (p− 1)xp
n(pα+1) for nonnegative integers α and n.
(ii) k = 3 then (p− 2)xp
n(pα+1) for nonnegative integers α and n.
(c) When m ≡ 2 (mod p)
(i) k = 3 then (p− 1)xp
n(pα+1) for nonnegative integers α and n.
(ii) k = 4 then (p− 2)xp
n(pα+1) for nonnegative integers α and n.
(d) When m ≡ 3 (mod p)
(i) k = 2 then 2xp
n(pα+1) for nonnegative integers α and n.
(e) When m ≡ 4 (mod p)
(i) k = 2 then 2xp
n(pα+1) for nonnegative integers α and n.
(ii) k = 3 then xp
n(pα+1) for nonnegative integers α and n.
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(iii) k = 4 then (p− 2)xp
n(pα+1) for nonnegative integers α and n.
(f) When m ≡ 5 (mod p)
(i) k = 2 then 3xp
n(pα+1) for nonnegative integers α and n.
(ii) k = 3 then 2xp
n(pα+1) for nonnegative integers α and n.
(iii) k = 5 then (p− 5)xp
n(pα+1) for nonnegative integers α and n.
(g) When m ≡ 6 (mod p)
(i) When p = 7
(A) k = 2 then 4xp
n(pα+1) for nonnegative integers α and n.
(B) k = 3 then 3xp
n(pα+1) for nonnegative integers α and n.
(C) k = 5 then xp
n(pα+1) for nonnegative integers α and n.
(ii) When p > 7
(A) k = 2 then 4xp
n(pα+1) for nonnegative integers α and n.
(B) k = 3 then 3xp
n(pα+1) for nonnegative integers α and n.
(h) When m 6≡ 0, 1, 2, 3, 4, 5, 6 (mod p)
(i) k = 2 then (2−m)xp
n(pα+1) for nonnegative integers α and n.
(ii) k = 3 then (3−m)xp
n(pα+1) for nonnegative integers α and n.
(iii) k = 5 and 2m ≡ 5 (mod p) then (5 − m)xp
n(pα+1) for nonnegative
integers α and n.
10.3. An open problem. As mentioned in the introduction, DO polynomials from
Dickson polynomials of the first kind and second kind were completely classified by
Coulter and Matthews in [2]. What are the necessary and sufficient conditions on
p, m, k and d for which k-th Dickson polynomial of the (m + 1)-th kind is a DO
polynomial?
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